Introduction {#Sec1}
============

Balanced networks \[[@CR1], [@CR2]\] offer a parsimonious computational and mathematical model of the asynchronous-irregular spiking activity and excitatory-inhibitory balance that are ubiquitous in cortical neuronal networks \[[@CR3]--[@CR10]\]. Balanced networks can produce asynchronous and irregular activity through chaotic or chaos-like spike timing dynamics \[[@CR2], [@CR11]\]. Mean-field analysis of balanced networks reveals a stable fixed point that naturally produces excitatory-inhibitory balance and weak pairwise spike train correlations without fine tuning of model parameters. In early studies, this mean-field analysis was performed in networks in which connection probabilities are homogeneous across the excitatory and inhibitory populations \[[@CR1]\]. Later work extended the mean-field analysis to networks with multiple sub-populations and to spatially extended networks with distance-dependent connection probabilities \[[@CR12]--[@CR16]\], including models that combine physical and tuning space \[[@CR17]\]. Previous work on spatially extended balanced networks assumed that connection probabilities depended only on the distance between neurons measured with periodic boundaries, rendering connection probabilities translationally invariant. This assumption allows the Fourier modes of network activity to decouple, so the mean-field equations can be easily solved in the Fourier domain. However, connectivity in cortical neuronal networks is not so simple. While the use of periodic boundaries is justified for modeling naturally periodic spaces like orientation tuning space, it is not necessarily realistic for models of physical space. Moreover, connection probabilities in cortical neuronal networks can depend on neuron location in more complicated ways than a pure distance dependence \[[@CR18]--[@CR20]\].

We use the mathematical theory of integral equations \[[@CR21]\] to extend the mean-field theory of firing rates in balanced networks, permitting a more general dependence of connection probability on the spatial location of pre- and postsynaptic neurons. We derive conditions on the spatial structure connectivity and external input under which networks can maintain balance in the limit of large network size, derive the spatial profile of firing rates in this limit when balance is maintained, and derive a linear approximation to firing rates when balance is broken. We demonstrate our findings with simulations of large spiking networks under a simple spatial connectivity structure that violates the translational invariance of connection probabilities assumed by previous work.

Model and background {#Sec2}
====================
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                \begin{document}$\overline{F}_{a}>0$\end{document}$. Our simulation produced asynchronous, irregular spiking activity (Fig. [1](#Fig1){ref-type="fig"}(A)) and excitatory-inhibitory balance (Fig. [1](#Fig1){ref-type="fig"}(B)) that are characteristic of the balanced network state \[[@CR1], [@CR2]\] and of cortical neuronal networks \[[@CR3]--[@CR10]\]. Note that the simulations are entirely deterministic once the random network connectivity and initial conditions are specified, so irregular spiking is driven by chaotic or chaos-like dynamics \[[@CR2], [@CR11]\], not noise. Firing rates were peaked near the center of the domain and decayed toward zero near the edge for various values of *N* (Fig. [1](#Fig1){ref-type="fig"}(C)--(E)). Firing rates that are peaked at the center of the spatial domain are not unexpected, given the structure of our connectivity kernel and input, and are common across many models of spatially extended networks \[[@CR12], [@CR24], [@CR25]\]. We next derive a mean-field theory for computing firing rates in spatially extended balanced networks like this one. Figure 1Example of a spatial balanced network without translational invariance and with simple sinusoidal external input. (**A**) Raster plot of excitatory neuron spikes from a simulated network with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$N=5000$\end{document}$ neurons, recurrent connectivity given by Eqs. ([2](#Equ2){ref-type=""}) and ([3](#Equ3){ref-type=""}), and external input given by Eq. ([4](#Equ4){ref-type=""}). (**B**) External input (green), mean recurrent excitatory input (red), mean recurrent inhibitory input (blue), and mean total input (black) to excitatory neurons as a function of neuron location for the same simulation as A. Currents were averaged over time (500 ms) and over the ten neurons nearest to each plotted location. Currents are computed with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C_{m}=1$\end{document}$ so are units $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$V/s$\end{document}$. (**C**)--(**E**) Firing rates of excitatory (red) and inhibitory (blue) neurons as a function of distance for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$N=1000$\end{document}$, 5000, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$20\text{,}000$\end{document}$ respectively. Light solid curves are from simulations, dotted curves are from Eq. ([14](#Equ14){ref-type=""}), and dashed curves from Eq. ([15](#Equ15){ref-type=""}). Rates were averaged over all neurons in 200 evenly spaced bins and additionally averaged over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$4\times 10^{5}/N$\end{document}$ simulations each with duration 10 s. (**F**) Firing rate versus mean total input current for all excitatory neurons with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$N=5000$\end{document}$. Dots are from simulations and solid curve is the rectified linear fit used to derive the gain. (**G**) Same as F, but for inhibitory neurons
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Mean field theory of balance in spatially extended networks without translational invariance {#Sec3}
============================================================================================

The mean-field theory is developed by considering the large *N* limit and defining the mean-field firing rates $$\documentclass[12pt]{minimal}
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The following equation gives a heuristic approximation to neurons' input as a function of firing rates in the network \[[@CR12], [@CR17]\]: $$\documentclass[12pt]{minimal}
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Equation ([5](#Equ5){ref-type=""}) quantifies how firing rates are mapped to mean synaptic input in the network. A closed form approximation in Eq. ([5](#Equ5){ref-type=""}) is possible in this case because the mapping is linear. However, the mapping from synaptic input to firing rates is necessarily nonlinear, depends on the details of the neuron model, can depend on higher moments of the input currents, and is generally not amenable to a closed-form mathematical approximation for the spiking network model considered here. Some studies use a diffusion approximation and Fokker--Planck formalism to account for the dependence of neurons' firing rates on the first two moments of their input currents \[[@CR26]--[@CR28]\]. This approach can yield accurate approximations in practice, but makes the assumption that synaptic input is accurately approximated by Gaussian white noise, which may be inaccurate in some settings.

The mean-field theory of balanced networks offers an alternative approach to analyzing firing rates in which the mapping from synaptic input statistics to rates does not need to be known. This theory is developed and applied by analyzing Eq. ([5](#Equ5){ref-type=""}) and the integral equations implied by it, which serves as a heuristic approximation to our spiking network model. We then compare the results of our analysis to simulations of the spiking network model. For balanced network theory, we do not need to specify the exact mapping from ***I*** to ***r***. Instead, the only necessary condition for the analysis of balanced networks is that the mapping does not converge to zero or diverge with *N*, more specifically that $$\documentclass[12pt]{minimal}
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Remarkably, this condition alone is enough to derive a linear, closed form expression for firing rates in the $\documentclass[12pt]{minimal}
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To better understand how this works, consider a commonly used integro-differential equation model for firing rates \[[@CR24], [@CR25]\] $\documentclass[12pt]{minimal}
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Since Eq. ([9](#Equ9){ref-type=""}) is a Fredholm integral equation of the first kind, it does not generically admit a solution. More specifically, for any integral operator $\documentclass[12pt]{minimal}
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                \begin{document}${\boldsymbol{r}}(x)$\end{document}$ to Eq. ([9](#Equ9){ref-type=""}). When this occurs, the network cannot satisfy Eq. ([8](#Equ8){ref-type=""}). Therefore, any spatially extended network can be imbalanced by some external input profiles. Moreover, solutions to Eq. ([9](#Equ9){ref-type=""}) must be nonnegative and stable for the balanced state to be realized (see Discussion).

When Eq. ([9](#Equ9){ref-type=""}) does not admit a solution, a linear approximation provides an approximation to firing rates at finite *N* \[[@CR12], [@CR17]\]. This approximation is obtained by making a rectified linear approximation to the mapping from mean input to mean firing rates $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r_{a}(x)=g_{a}[I_{a}(x)]_{+}$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a=e,i$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g_{a}>0$\end{document}$ is the neurons' gain and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[\cdot ]_{+}$\end{document}$ denotes the positive part. For spiking network models, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g_{a}$\end{document}$ can be approximated heuristically \[[@CR12]\] or by fitting simulation results to a rectified linear function \[[@CR17]\]. In the examples considered below, we use the latter approach. When firing rates are positive, this gives the following integral equation for firing rates: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathcal{W} {\boldsymbol{r}}+{\boldsymbol{{F}}}=\epsilon D{\boldsymbol{r}}, $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\epsilon =1/\sqrt{N}$\end{document}$ is a small, positive number and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ D= \begin{bmatrix} 1/g_{e}& 0 \\ 0 & 1/g_{i}\end{bmatrix}. $$\end{document}$$ This equation is a finite *N* correction to Eq. ([9](#Equ9){ref-type=""}). Since it is an integral equation of the second kind, it generically admits a unique solution for any ***F*** (unless *ϵ* is an eigenvalue of $\documentclass[12pt]{minimal}
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A common approach to solving Fredholm integral equations like Eqs. ([9](#Equ9){ref-type=""}) and ([10](#Equ10){ref-type=""}) is to expand the equations using an orthonormal basis of eigenfunctions for the integral operator \[[@CR21]\]. However, the integral operator is not guaranteed to have orthogonal eigenfunctions if it is not Hermitian. Because we assume $\documentclass[12pt]{minimal}
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Theorem 1 {#FPar1}
---------
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-----
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A corollary gives a simpler expression for the solution to Eq. ([9](#Equ9){ref-type=""}) when the spatial shape of the connectivity kernels and external input are the same for excitatory and inhibitory neurons.

Corollary 1 {#FPar3}
-----------
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Note that the first product in Eq. ([12](#Equ12){ref-type=""}) (before the sum) is a vector (it has an excitatory and inhibitory component), but is not a function of *x*. On the other hand, the second term (the sum) is scalar, but depends on *x*. Hence, the solution is broken into its spatial and excitatory-inhibitory components.
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The same separation of terms cannot be applied to solving Eq. ([10](#Equ10){ref-type=""}), *i.e.*, Eq. ([11](#Equ11){ref-type=""}) cannot be simplified in the same way when $\documentclass[12pt]{minimal}
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Since all the examples we consider satisfy the assumptions of Corollary [1](#FPar3){ref-type="sec"}, we hereafter focus on Eqs. ([12](#Equ12){ref-type=""}) and ([13](#Equ13){ref-type=""}) in place of the more general Eq. ([11](#Equ11){ref-type=""}). The analysis of specific networks with specific external input profiles can proceed as follows: The convergence of the series in Eq. ([12](#Equ12){ref-type=""}) should be checked first. If it does not converge, then the network cannot maintain balance as $\documentclass[12pt]{minimal}
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                \begin{document}$N\to \infty $\end{document}$ and Eq. ([13](#Equ13){ref-type=""}) must be used at finite *N* instead. Even when Eq. ([12](#Equ12){ref-type=""}) does converge, Eq. ([13](#Equ13){ref-type=""}) can be used as an alternative to Eq. ([12](#Equ12){ref-type=""}) for approximating firing rates in spiking network simulations. We next compare Eqs. ([12](#Equ12){ref-type=""}) and ([13](#Equ13){ref-type=""}) to results from large spiking network simulations.

Comparison of mean-field theory to spiking network simulations {#Sec4}
==============================================================

We first consider the simulations discussed above and shown in Fig. [1](#Fig1){ref-type="fig"}. For this example, we can write $\documentclass[12pt]{minimal}
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Figure [1](#Fig1){ref-type="fig"}(F), (G) shows individual neurons' firing rates versus their time-averaged input currents (dots) and compares them to the rectified linear fit used to estimate $\documentclass[12pt]{minimal}
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We next consider a more interesting example in which the series in Eqs. ([13](#Equ13){ref-type=""}) and ([12](#Equ12){ref-type=""}) have infinitely many nonzero terms. In particular, consider the same recurrent network with external input $$\documentclass[12pt]{minimal}
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Network simulations show asynchronous-irregular spiking activity (Fig. [2](#Fig2){ref-type="fig"}(A)) and excitatory-inhibitory balance (Fig. [2](#Fig2){ref-type="fig"}(B)). Comparing our theoretical equations to firing rates from simulations shows that Eq. ([13](#Equ13){ref-type=""}) is much more accurate than Eq. ([17](#Equ17){ref-type=""}) even at larger values of *N*, but the convergence of the two equations to each other (and to results from simulations) is visible when comparing $\documentclass[12pt]{minimal}
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                \begin{document}$N=20\text{,}000$\end{document}$ (Fig. [2](#Fig2){ref-type="fig"}(C)--(E)). Figure 2A second example of a spatially extended balanced network. (**A**)--(**E**) Same as Fig. [1](#Fig1){ref-type="fig"} except external input is given by Eq. ([16](#Equ16){ref-type=""}) with $\documentclass[12pt]{minimal}
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We finally consider the same recurrent network with external input $$\documentclass[12pt]{minimal}
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                \begin{document}$N\to \infty $\end{document}$, network simulations still show asynchronous-irregular spiking activity (Fig. [3](#Fig3){ref-type="fig"}(A)) and approximate excitatory-inhibitory balance (Fig. [3](#Fig3){ref-type="fig"}(B)) at finite *N*. Comparing Eq. ([13](#Equ13){ref-type=""}) to firing rates from simulations shows that it is still somewhat accurate for multiple values of *N* (Fig. [3](#Fig3){ref-type="fig"}(C)--(E)). Figure 3Example of an imbalanced network. (**A**)--(**E**) Same as Fig. [1](#Fig1){ref-type="fig"} except external input is given by Eq. ([18](#Equ18){ref-type=""}) with $\documentclass[12pt]{minimal}
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Interestingly, the break in balance is not highly apparent in Fig. [3](#Fig3){ref-type="fig"}(B), as the currents still appear to be approximately balanced. Our mathematical analysis shows that the mean total input current cannot remain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{O}(1)$\end{document}$ for all *x* as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$N\to \infty $\end{document}$. However, we expect the divergence to grow like $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{O}(\sqrt{N})$\end{document}$ when balance is broken \[[@CR12]\], so very large values of *N* could be necessary for imbalance to become visible.

Discussion {#Sec5}
==========

We extended the mean-field theory of firing rates in balanced networks to account for spatial connectivity structures in which connection probabilities depend on the spatial location of pre- and postsynaptic neurons without the translation invariance assumed in previous work. Any such network cannot maintain balance as $\documentclass[12pt]{minimal}
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                \begin{document}$N\to \infty $\end{document}$. We compared our theoretical results to large simulations of randomly connected integrate-and-fire neuron models. While the equations left some error at finite *N*, they captured the overall shape of firing rates at large values of *N*.

For balance to be realized, the firing rate profiles given by Eq. ([12](#Equ12){ref-type=""}) need to be positive at all values of $\documentclass[12pt]{minimal}
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We parameterized feedforward input as a time-constant, deterministic function $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal{W}_{F}$\end{document}$ is the mean-field connectivity kernel defined analogously to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$\mathcal{W}$\end{document}$. See \[[@CR17]\] for a development of this idea for networks with translationally invariance connectivity profiles. This provides a way to test the spatial structure of multi-layered cortical circuits for the ability to maintain balance.

In addition, balance requires that the fixed point realized by Eq. ([12](#Equ12){ref-type=""}) is stable. Stability of firing rate fixed points in networks of integrate-and-fire neurons can be very complicated and is outside the scope of this study. Stability for integro-differential equations of the form $\documentclass[12pt]{minimal}
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                \begin{document}$\dot{{\boldsymbol{r}}}=-{\boldsymbol{r}}+g(\mathcal{W}+{\boldsymbol{X}})$\end{document}$ can be analyzed more easily, especially when *g* is assumed to be linear at the fixed point. This approach to stability analysis can provide a heuristic approximation to stability in spiking networks, but instabilities can arise in spiking networks that are not captured by the integro-differential equation due to the inherent resonance of spiking neurons \[[@CR29]\]. An in-depth analysis of stability and the dynamics that arise when the networks are destabilized would be an interesting direction for future studies.

We assumed that connectivity kernels are symmetric $\documentclass[12pt]{minimal}
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                \begin{document}$w_{ab}(x,y)=w_{ab}(y,x)$\end{document}$ and that all four kernels share the same eigenfunctions. Extensions to this theory for asymmetric kernels and distinct eigenfunctions could be achieved using more general numerical or analytical approaches to solving integral equations that rely on singular value decompositions instead of eigenfunction decompositions (the two coincide under our assumptions) \[[@CR21], [@CR30], [@CR31]\]. Such an extension would, for example, allow the analysis of visual cortical network models with pinwheel-shaped orientation hypercolumns. This could potentially be achieved analytically using methods to recast those networks in spherical coordinates \[[@CR32]\] or numerically using real imaging of hypercolumn geometry and neural connectivity \[[@CR18]\]. This could lead to studies that numerically or analytically probe which visual stimuli break excitatory-inhibitory balance. Since imbalanced networks generally lead to an amplification of firing rate responses \[[@CR17]\], this would shed light on which visual stimuli patterns should be more salient under a balance network formalism.

In summary, our study extends the theory of balanced networks to more intricate spatial topologies, which opens the door to a number of additional lines of inquiry that could provide additional insights into the operation of cortical circuits.
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